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Abstract. For a Reinhardt domain Q with the smooth boundary in C m+1 
and a positive smooth measure fi on the boundary of Q , we consider the 
ensemble Pjv of polynomials of degree N with the Gaussian probability mea- 
sure 7jv which is induced by L 2 (dCl, dfj,). Our aim is to compute scaling limit 
distribution function and scaling limit pair correlation function between zeros 
when z £ dQ. First of all we apply stationary phase method to the Boutet de 
Monvel-Sjostrand theorem to get the asymptotic for the partial szego kernel, 
Sff(z,z), and then we compute the scaling limit partial szego kernel in any 
direction in C m+1 , then by using well-known Kac-Rice formula we compute 
scaling limit distribution function and scaling limit pair correlation function 
between zeros. 



1. INTRODUCTION 

This paper is concerned with the scaling limit distribution of and pair correlation 
between zeros of random polynomials on C m+1 , a famous result from Hammersley 
|Haj which is the following work of Kac |Kacl] , |Kac2] says that the zeros of random 
complex kac polynomials, 

f(z) = 2J a-jZ 3 ,z G C, 

tend to concentrate on the unit circle S 1 = {z G C : \z\ = 1} as the degree of 
the polynomials goes to infinity when the coefficients a,j arc independent complex 
Gaussian random variables of mean zero and variance one, later Shiffman and 
Bloom in the BS1 proved a multi variable result, that the common zeros of m + 1 
random complex polynomials in C m+1 , 

fk(z) = ^ C J Z 0° ■■■ z m 7 
|J|<fc 

tend to concentrate on the product of unit circles \zj\ — 1, Shiffman in the joint 
work with Zelditch in [SZ replaced S 1 with any closed analytic curve <9f2 in C 
that bounds a simply connected domain f2, so new inner product on the space of 
holomorphic polynomials P/v is 

(f,g)dn,p, = / fgdn{z). 
Jon 

where dfi(z) is a positive smooth volume measure on <9fi. In their work they used 
Riemann mapping function $ which maps the interior of f2 to interior of the unit 
disk, mapping z G dft to 1 G S 1 and they let D^ m := D N o _1 |(^ 1 )'| 2 be the 
expected zero density for the inner product with respect to the coordinate w — <fr(z). 

l 



2 



ARASH KARAMI 



Then they proved that there is a scaling limit density function D°° such that, 
(I- 1 ) j^&,p( 1 +£)-^ >). 

where N — > oo. They also showed that there exists universal functions K°° : C 2 — > K 
independent of fi, zqi A* such that 

(!-2) ^I^U 1 + ^. 1 + Jf) -> ^°>> w )> 

as TV — >• oo which -Kg^ „ = I^qq u ° ^ 1 * s the pair correlation function written in 
terms of the complex coordinate w — <fr(z). The first purpose of this paper is to 
generalize the scaling limit expected distribution result [SZ to the boundary of any 
complete Rienhardt strictly pseudoconvex domain in C m+1 . Our second purpose 
is to compute pair correlation between zeros. First of all we need to introduce our 
basic setting: We let be a complete Reinhardt strictly pseudoconvex domain (see 
|BFGj ) in C m+1 and let X — dVl and /i to be a smooth positive volume measure 
on X which is invariant under torus action which means 

d/j,(e l0 °z o , .., e l9m z m ) = dp,(z , .., z rn ), 

where z = (zo,..,z m ) G X, 9i G [0, 2%]. We give the space Pn of holomorphic 
polynomials of degree< N on C m+1 the Gaussian probability measure jn induced 
by the Hermitian inner product 

(1-3) (/,<?)= / fgdfi(x). 

Jx 

In the next section in the theorem 12.11 we prove that all the homogeneouse poly- 
nomials of degree < N make an Orthonormal basis for the Pn with respect to the 
inner product 11.31 The Gaussian measure jn which is induced from 11.31 can be 
described as follows: If we write 

/ = ^2 ajPJ, J = Uo, -,3m), 

\J\<N 

where {pj} is the orthonormal basis of Pn that comes from l2.11 with respect to inner 
product [L3l and d(N) — dimPN- Identifying / € Pn with a — (aj)ij|<jv G C d ( N \ 
we have 

(1.4) d^ N (a) = -^e-^da. 

In other words, a random polynomial in the ensemble (Pn,7n) is a polynomial 
f — Ylj o-jPj such that the aj are independent complex Gaussian random variables 
with mean and variance 1. 

Our first result, theorem 11.11 gives asymptotic for the scaling partial szego kernel 
respect to the inner product 11.31 

S N (z,w)= Pj( z )Pj( w ), 

\J\<N 

which gives the orthogonal projection onto the span of the all homogeneous poly- 
nomials of degree< TV. We show that If z = (zo,..,z m ) G X, u = (uq, ..,u m ),v = 
(w ,-,«m)eC m+1 ,z l ^Othen: 
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Theorem 1.1. 

lim — 



( L5 ) J im awi Sa, ( z + ^' z + ^ = s {z,z)t 1 n+1 F m (to(d'p(z)-u + d"p(z)-v)), 



which p is the defining function for Q and sq is the first term of the amplitude 
that appears in the Boutet de Monvel-Sjostrand theorem [L6] and to = d , p ^ z y z and 

F m (t) = Jq e ty y m dy. Our method to compute asymptotic for the scaling partial 
szego kernel is similar to the method that Zelditch had used in [Zej . in our proof 
we apply stationary phase method to, 

/>00 />2"7T 

(1.6) U K {x,y)= / / e- lK9 e lt ^ ete ^ y '>s(e l9 x,y,t)dddt, 

Jo Jo 

which, s{x,y,t) ~ Y,T=o tm ~ ks k(x,y) and the phase V € C°°(C m+1 x C m+1 ) is 
determined by the following properties 

1) ip(x,x) — ^j^- where p is the defining function of X. 

2) d x tp and dytjj vanish to infinite order along diagonal. 

3) ip(x,y) = -i>{y,x) 

In jBSZl) , |BSZ2j we see that the expected zero density and correlation function 
can be represented by given formulas involving only the Szego kernel and its first 
and second derivatives, in the section [3] we show that the scaling limit for the 
expected zero density which is defined 

m ..m+1 

(1-7) ^^l^) = ^)(^TT)i 

Which x is the expected zero current for the ensemble (P/v,7a0 and oj = 
I Y^jLo d z j A dzj , can be given by the following theorem. 

Theorem 1.2. Let D^ x be the expected zero density for the probability space 
(Pn,1n) then 



whe 



lim -Ld" x (z+— )=B? x (v). 
D™ x (u)= it0m) \ logF m )"(a), 

7T 



and P = {§§- q , *£■), a = t (d'p(z) ■ u + d" p{z) ■ u). 

Our main result, theorem 11.31 gives a formula for the scaling limit normalized 
pair correlation functions 

- *r K^! viz. W) 

D lx( z ) D Zx( w ) 



which 



(1-9) ^(l^/l 2 A j-^) = KfrizMp^, 

such that oj — | 2j=o ^ <i?i + dwi A dwi. 

Normalized pair correlation function x (z,w) can be viewed as the probability 
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of finding simultaneous zeros at w, z. For example if Kj^ x (z, w) = 1 then it means 
having zero at z does not have any influence of probability having zero at w. If z, w 
are fixed and different then K^ x (z, w) — > 1 as N — > oo, but in the theorem 1 1.31 we 
show that we have nontrivial normalized pair correlations if the distance between 
points is O(jf). 

Theorem 1.3. let K% x (z,w) be the normalized pair correlation function for the 
probability space (Pn,Jn) and choose u £ C m+1 such that u ^ T' z l X then, 

1 u 

lim —rK^ x (z + —,z)=K°° x (u), 

N^oo N A N ' Z ' XK ' 



lim k% x (z+-,z) = K™ x (u), 

A-s-oo ^ iV 



whe 



7T 2 det(G m (p)) 

1 perm(Q m (j3)) 



(log F m )" (a) (log F m )" (0) dei(G m (/?)) 
which K x x (z,w), K x x (z,w) are defined in \1.9l ["Ol 



/3 = tad / p(z).u 1 a = P + f3, 
G m (f3) 

= Gm+aCS) - G m +i(/?)G m (/?)^G m+1 (/3). 



F m (0) 



One of the most interesting cases is to see how normalized pair correlation func- 
tion behaves when we move in the normal direction, for example if we look at the 
sphere S 3 in the C 2 and if we choose z = (l,0)£S 3 cC 2 then normal vector at 
(1,0) to S 3 would be u 1 - = (1,0), then if we move along this vector from origin to 
infinity then in the normal direction, we obtain the scaling limit 

fc^A) :=X ( - 0) ^(A^) = Jim o ^ s3 ((l,0) + A^,(l,0)). 

The graph of /c^(A) in Figure 1 converges to 1 when A goes to infinity and as we 
expected form [SZ , in C 1 it is not oscillatory and we have a zero repulsion when 
A — > 0. In this example for the tangential scaling limit for the pair correlation 
function we move along the curve 7(6*) = e (1,0), if we let u 9 to be the tangent 
vector to this curve at 7(0) = (1, 0), we see that u e = (i, 0) and because u e ^ T^X 
then 

K£a> lS .(« fl ) = J™ a^ S3((1 ' 0) + W (1 ' 0)) ' 
it means that the scaling limit pair correlation function grows as fast as N A along 
the curve "f(0). After this step we compute normalized scaling limit pair correlation 
function between zeros along the curve "f(0), 

k 9 (X) := K^ 0hs3 (\u e ) = lim < s a((l, 0) + A^, (1, 0)), 
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Figure 1 . The normalized pair correlation function in the normal 
direction A;- 1 (A) 
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Figure 2. The tangential pair correlation function in the tangent 
direction k e (X) 

which gives us the probability of finding a pair of zeros in small disks around two 
points on ^(9) which the distance between them is O(^). As you see in the graph 
of k e in figure 2 the zeros repel when A — > and their correlations are oscillatory, 
same as the C 1 case as shown in |SZ) . 
Now if we move along h(t) = (cos(i), i sin(t)) C S 3 then we see that 

Irn^ ±K^ S3 ((1,0) + ^ (1,0)) -> K^ 0hS3 (u h ), 

where u h — h (0) = (0, i), u h — (0, i) £ T^X. As we see the behavior of the scaling 
pair correlation function between zeros is totally different when we move in the u h 
direction compare to u , u e . In this example we observe that if we move along u h 
direction which belongs to T } z l S 3 then K* 3 ((l, 0) + ^, (1, 0)) is asymptotic to iV 5 
but in other directions, K^ S3 ((1,0) + -j^, (1,0)) is asymptotic to iV 4 . Our result 
shows that K^ x {z + j^, z) is asymptotic to iV 4 , in general case when u £ T^X, it 
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would be interesting to see whether K^ x (z + z) is asymptotic to N 5 in general 
case when u £ T' z l X or not. 

1.1. Acknowledgements. Finally, i thank B.Shiffman and H.Hezari for their help- 
ful advises and comments. 

2. ASYMPTOTICS OF ORTHOGONAL POLYNOMIALS 

Throughout this paper, we restrict ourself to a smooth boundary complete Rein- 
hardt strictly pseudoconvex domain in C m+1 , this is by far one of the most in- 
teresting case to study, and it includes many interesting examples, we recall the 
elementary definitions: 

A domain f2 is strictly pseudoconvex if its levi form is strictly positive definite 
at every boundary point, the levi form of f2 = {z 6 C m+1 : p(z) < 0} with p is 
a real valued C°° function on C m+1 , p' ^ on 9f2 is defined as the restriction of 
quadratic form 

to the subspace {(v , ...,v m ) e C m+1 : T^t\ z ) z i = 0}- it i s defined independently 
of p up to constants. 

Complete Reinhardt means that if z £ D, implies that (poZq, ...,p m z m ) G Q for all 
p 3 e C with \fij\ < l,j = 0, m if we let X = dVL = {z e C m+1 : p(z) = 0} then 
we see that X is a complete circular subset of C m+1 which means if z G X 

(e ldo z o ,...,e t0 ™z m )eX 7 j = O 7 ..,m, 

for all 9j G (0, 2ir), it is because is a complete Reinhardt domain so the boundary 
of ft is a complete circular subset of C m+1 , form now we use X for the boundary of $1, 
the proofs of Theorems 13 . 1 1 and 14 . 1 1 are based on asymptotic properties of orthogonal 
polynomials associated to X, for that purpose we need to have a measure on X, so 
during this article we assume that dp is a volume measure on X which is invariant 
under torus actions. 

2.1. Szego kernel and orthogonal polynomials. The Hardy space H 2 (X, dp,) is 
the space of boundary values of holomorphic functions on ft which are in L 2 (X, dp) , 
or equivalently H 2 (X,dp) = (kerdb)f]L 2 (X,dp). The S 1 action commutes with 
db, hence 

oo 

H 2 (X,dp)=($H 2 (X,dp), 

n=0 

where 

H 2 ={fe H 2 (X,dp) : f(rgx) = e m9 f(x)}. 
The Szego kernel of X with respect to the measure dp on X is the orthogonal 
projection 

S : L 2 (X,dp) ->■ H 2 (X,dp). 

Onto the Hardy space of boundary values of holomorphic functions in Q that 
belongs to L 2 (X,dp). The Schwartz kernel of S is denoted by S(z 7 u>), S(z,w) 
admits an analytic continuation (holomorphic in z and anti holomorphic in w) to 
f2 x Ct. We will refer to this as the regularity theorem. 
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Theorem 2.1. The monomials in C m+1 make an orthogonal basis for H 2 (X,d/j,). 

Proof. Let J = (jo, -ijm) and K = (ho, .., fc m ) and assume jo 7^ and let z' 7 , z K 
be the associated polynomials then induced inner product from measure /i is going 
to be 

{z J ,z K ) = f z J z K d^{x), 
Jx 

we know that X is a complete circular subset of C m+1 it means we can define this 
change of variable 

(z ,..,z m ) ->■ (e ie z (h ..,z m ), 
then for every 9 £ (0, 27r) we have this equation 

z J z K dfi{x) = eWo-ko) f z J^K d ^ x ^ 
x Jx 
it means 

(^*) = e^°- fe °V,^). 
So if J ^ if then z K ) = and if J = if then 



(z J ,z J )= / H^-M 2 -''"^^) >o. 

So if we let c.j — ( (z ./ zJ) )^ then the {pj = cjz J : J = (jo, ..j m ),ji > 0} make an 
ortho normal subset of H 2 (dft, fx), and proof for completeness is same as the proof 
that comes in [SK for the unit ball, now we show that in fact this forms a basis. 
It suffices to show that if / is smooth on X , dbf = and if (/, z J ) — then / = 0. 
By knowing if / 6 H 2 (X, dfi) then / has fourier series which converges to / in 
L 2 (X, dfj.) it means / can be written like, 

00 

/(*) = £/«(*) 

n=0 

which 

(2.1) f n (z) = -L f 2 " f(e ie z)e- ine M, 

27r Jo 

f n is a smooth function on X such that 

(2.2) f n (e* e z)=e me f n (z). 

Now we want to extend /„ to a smooth function on the C m , for that purpose we 
use the fact that any w G C m+1 can be written like w = \z such that A 6 C and 
z <E X, now we define 

F n (w)=F n (Xz)=X n f n (z), 

bye using [2~T1 12.21 we see that F n is a well-define and smooth function on C m+1 . 
Next step is to see that F n is a holomorphic function, in other word we want to 
show that = for j = 0, ...,m, we assume that vi,...,v m is a basis for T^X 
then 

d d ^ 
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we assume that / £ H^(X, du) and smooth on X, it concludes that dbf — so it 
means 

V k (F n ) = X n V k (f n ) 

(2 3) i r 2v 

= A"— J v k (f(e t9 z))e- md d6 = 

also 

fl r)\ n 

(2.4) 3I F„ = _/„ W = 0, 

so from l2.3ll2.4l we conclude -^-F n = so it means F n is holomorphic on C m+1 and 

also bye using 12.21 we see that F n (Xw) = X n F n (w) for all A 6 C, w G C m+1 it means 
F n is a homogeneous polynomial of degree n. So we showed that every smooth 
function in H 2 (X, du) can be written in sum of homogeneous polynomials and we 
know that smooth functions on X are dense in H 2 (X, du) , it means monomials arc 
a basis for H 2 (X, du) , so we showed that monomials make an orthogonal basis for 
H 2 (X,du). □ 

Since S is an orthogonal projection, we may express it in terms of any orthonor- 
mal basis. Hence when (z, w) € X f2 then 

S(z,w) = ^2pj(z)p~j(w), 

(2.5) ,/ 

S{z, z) < oo, z£!l. 

By using theorem EH] we see that Sn(z, z) = J2\j\<n Pj( z )Pj( w ) an d also by using 
Regularity theorem we conclude that these partial szego kernels converges uniformly 
on compact subsets of ft to the S(z, z). 

From now we are using X instead of cT2, we already talked about Hf f (X,dii) 
but we want to talk about this spaces more, 

Let's look at this orthogonal projection 

(2.6) 11^ : L 2 (X,dfi) H 2 K {X,dn). 

We know that the set of all the homogeneous polynomials of degree K is an orthog- 
onal basis for H^(X, c?/i) and also TLk is an orthogonal projection so we have 

n K (z,w)= ^2 pj( z )pj( w )> 



\J\=K 



So Sn(z,w) = ^2^ =0 ^i k (z,w) it means if we find a nice formula for IT^ then 
we can compute Sn- 

2.2. Boutet de Monvel-Sjostrand Theorem and Partial Szego kernels. 

Theorem 2.2. Let Tl(x,y) be the Szego kernel of the boundary X of a bounded 
strictly pseudo- convex domain fl in a complex manifold. Then there exists a symbol 
s G S n (X xlx»+) of the type 
s(x, y, t) ~ £fco t m ~ k s k (x, y), 



j k =0 

So that 



U(x,y) = / e u ^h(x,y,t)dt, 
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where the phase ip G C°°(X x X) is determined by the following properties: 

1) tp(x,x) — ^j^- where p is the defining function of X. 

2) d x ip and d y ip vanish to infinite order along diagonal. 

3) ip(x,y) = -4)(y,x). 

The integral is defined as a complex oscillatory integral and is regularized by 
taking the principal value. 

So our goal is to find a nice formula for Hk (z, z) by using above theorem. 
Homogeneous polynomials of degree K make an orthogonal basis for H\{X, dp) 

so 

(2.7) U K (x,y) = / e- iK9 e it ^ eiex ^s(e i9 x,y,t)d6dt. 

Jo Jo 

Lemma 2.3. if z = (z , -z m ) G X = dQ , Zi ^ then d'p(z) ■ z > 
Proof, let z = (zq, ..z m ) G X and Zi — rie l0i then 



So 



dp dp dri dp 89i dp Zi 
dzi dn dzi dOi dzi dri 2ri ' 



%—0 t—0 t—0 



We want to show that ^ > when i = 0, .., m , for that purpose we define f(t) = 
p(tz , .., z m ) it is clear that /(l) = and also because SI is complete Reinhardt 
domain then (tzo, .., z m ) G O c for \t\ > 1 it means f(t) > when \t\ > 1 so 

dp ( . ,. p{tz ,..,z m ) - p(z ,..,z m ) 
—ro = / + (1) = Inn _ > 0. 

Also we know that d'p(z) ^ it means there is i G {0, .., m} such that J^- > so 
it means 

(2.8) d'p{z).z > 0. 

□ 

By using Boutet de Monvel-Sjostrand theorem, 

(2.9) n K (z,z)= / / e- lKe e lt ^ rez > z) s(r e z,z,t)d6dt. 

Jo Jo 

If we let t — >• Kt , <f)(t, 9; z, z) = 9 — tip(rgz, z) then 

(2.10) U K (z,z) = K / e- lK4,( - e ^ z > z h{r e z,z,Kt)d9dt. 

Jo Jo 

Also we have 

(2.11) Imi/>(x, y) > c(d(x, X) + d(y, X) + \x - y\ 2 ) + 0(\x - y\ 3 ), 

which c is a positive constant so it means that Imij)(x,y) > so we can use 
Stationary phase method, for this purpose we need to consider phase function, first 
thing to do is to find critical points of phase function, 



10 



ARASH KARAMI 



Lemma 2.4. (0, d > p ^ z y z ) is the only critical point of the phase function 4>(9,t; z, z) = 
9 - ttp(rez, z). 

Proof. ^ = then ip(rgz,z) = 0,now by using [2~TT1 ibiraz, z) = if and only if 

rgz = z if and only if 9 = 

and also if we take derivative respect to t then 

j V d x ip(r g z,z) 



i /./■ 

8=0 



96» ^ ax 

and we plug in 6 — we get this formula 

(2.12) ^ = 1 - td ' p(z) . z = 0^t = J ^ y -, 

and it is well defined because of lemma 12.31 also (0, to) is a nondegenerate critical 
point because, 

(2-13) |0"(O,t o )| = |( J jyi = -4<0. 

□ 

Theorem 2.5. For z = (zo, z m ) 6 X which Zi ^ /or eac/i z» we /iat;e 

(2.14) 11* z) = s (z, z)t Q (Kt ) m + R K>0 , 
such that \Rk,o\ < CqK" 1 ^ 1 and Cq just depends on X,ip,z. 

Proof. By using inequality 12.111 we see that Imaginary part of —<f>(t, 9) which is 
equal to Imaginary part of tip{rgz, z) is non negative and also our critical point is 
nondegenerate so we are ready to use stationary phase method, by using theorem 
(7.7.5) from [Ho] . 

K °° 

n K (z,z)~— V K m -i- k L j (f n - k 8 k (roz,z)), 

V 27T2 J ■ 

(2.15) which 

L M = E E i: ^(r(0,to)- l D,D)(^ ito) (t,e)a). 

In this equation g(o,t ) is equal to the third order reminder of (f>{8, t) at (0, to) in the 
left hand side you can see that if j = 0, k = then we will get the highest degree 
of K, by looking at the definition of Lj we have L (t m s (rgz 7 z)) — ig'so^, z), by 
using the stationary phase theorem from |Hoj : 

(2.16) 

\n K (z, z) - t K m L (t m s (rgz, z))\ = \TL K {z t z) - K m t n s {z, z)t \ < K m ~ 1 CM l 
which 

M= E Halloo- 

|a|<2 

□ 
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For the next step we need to find a good estimate for the derivatives of Hk(z, z) 
by using [2~10l for that purpose we need to introduce some notations which help us 
to understand derivatives of Hk(z, z) much better and also we know that s(x, y, t) 
is a smooth function on X and we don't know about behavior of s(x,y,t) on the 
neighborhood of X so we can only use (|2.10|) for computing derivatives of Hk(z, z) 
in real tangential directions. Now let's talk more about real tangent plane on X at 
point z = (zo, .., z m ) E X. 

Lemma 2.6. If z — (zo, • ■, z m ) £ X and Zj ^ for < j < m then, 

T = (iz , --,0), ..,Tj = (0, ..,izj, ..,0), ..,T m = (0, ..,iz m ) E T Z X. 

Proof. If we look at T in the K 2m + 2 then T can be written like (-y , x , 0, 0..., 0, 0) 
and normal vector at z on X is 

= t d P 9 P d P d P ■) 

dx ' dy ' ' dx m ' dy m 
dp_dro_ dp_dro_ dp dr m dpdr m ^ 



'dr dx Q ' dr dy ' '"' dr m dx m ' dr dy„ 
.dp_xo_ dp_m dp x m dp y m 
dr r ' dr r ' '"' dr m y m ' dr m r m 



So: 



(2.18) jV-T = -- 2/o + ^ xo = 0. 

It means To E T Z X and similarly we can show that each Tj belongs to the real 
tangent space at z on X. □ 

Lemma 2.7. If f : C" l+1 — > C is an anti holomorphic function then 

df_ 



D Tj f{z) = -tzr 



for each Tj 
Notations: 

a = (a ,..,a m ),fi = (J3 , •-, /3 m ),7i = ilifi, -jTi.m)) {h}, 
which 

(2.19) OH,Pi,li,j,ki E {0,1,2,..}, 

= (/3, { 7 *}, {fci}) : ^ fc l7l + /3 = a}, 
T = T + ...+T m . 

For any multi indices like a = (ao, Q! m ) we define: 

D% = D%™....D«°, 

if i E / Q we define 

(2.20) Z l (f,g)^U(D^f) k ^D^g), 
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for example if we let, lo = (j3, {ji}, {fa}) such that j3 — (0, .., 0), 70 = (1, 0.., 0), .7^ 
(0, .., 1), fc = ao, ..k m = a m then 

Zi (iip(r e z, z), s (rez, z))\e =0 = Il(iDy tT ip(rgz, z)) a * s (r e z, z)\ e =o 

d y ^(rgz,z) . _ UQ , , 

(2.21) = n ( z q-. L (~ lz i)) z s (rez,z)\e = o 

Lemma 2.8. D?(e' 9 ) = e>Z cl6I . c,Z,(/,g). 
Now by using lemma [2^81 we have this result: 

D^ T ( e - lKrl> s(rez,z,Kt))= ^ cje - *** 'Zi{-iK<t>,s{r 6 z,z,Kt)) 

ci€l a 
oo 

(2.22) = E E Cie- iK ^(Kt)^ fe ^(#, s k )(Kt) m - k 

oo 

= E E *e- iK *{Kt) m+ 'Z*i-kz l (iil>,8 k ). 



k=0 l£l a 



Theorem 2.9. If z = (zq, z m ) £ X and Zi ^ for each Zi then there is a 
constant C a which it just depends on z,a,ip,X such that: 

(2.23) D« T n K (z, z) = s (z, z)t (Kt ) m+lal (^--^-) a (-iz) a + R K , a , 

ozq oz m 

\R K , a \ < C^+M- 1 

Proof. If we use equation 12.101 and lemma 12.81 then 
(2.24) 

n2-7T 
e - iK ^ e ^ z ^s(r e z,z,Kt)d9dt 



oo p2tv 



K / / Dl T {e' lK ^ e ^ z ^s(rez,z,Kt))d9dt 
Jo Jo 

/•OO /-27T 

KJ2 c l / e- lK,l} Zi{-iK4),s{rez,z,Kt))dedt 

p OO f'Z'K 

K^ci / e- iK<t, Zi(iKtip,s(r e z,z,Kt))d9dt 

poo p2iz 

Kj2 c i / e- lK,l} {Kt)^ k ^Zi{i^,s{rez,z,Kt))dedt 
Jo Jo 



K 

if we look at in the series, the highest degree of K happens whenever / = 1$, k = j = 
in this case fa = on, q = 1 and by using equation 12.201 and using theorem(7.7.5) 
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from [Ho] we will get this result, 
(2.25) 

\Di T u K (z,z)-(Kt Q r+^H^--.^rHzr S o(z,z)to\ < K m+ ^- x cy^ E H^faMiu, 

If we let M = CE; e / cl E|0|< 2 ll- D ' 3 ^(-^^)lloo then 

(2.26) \D^ T Il K (z,z) - (Kt Q r + \ a H-^-^) a Hz) a s (z,z)t \ <MK m+ ^-\ 

ozo oz m 

which M is a constant that just depends on ip, p and their partial derivatives and 
m + 1 which is the dimension of our space, so i can tell, 

(2.27) D^ T n K (z, z) = (^ ) m+|Q| (^...^) Q (-^) Q S0 (^, z)to + R K , a , 
which |i? KjQ | < MK m+ \ a \- 1 . □ 

We can also get an upper bound for Dy T Hx (z, z) like, 

D% T U K (z,z) = (Kt ) m +^(^-...^-) a (-iz) a s (z,z)to + RK, a 

dz Q dz m 

(2.28) <(XM™ + H(|....g_ )Q( _ rso(z , z) , + MX-H- 

< x „ l+ | a | (( |^_|^ r( _ l - rso(ZjZ)<o + M) 
azo cz m 

which just depends on M, p, z, a. 

Lemma 2.10. /// is an anti holomorphic function on C m+1 then, 



d a f 1 



dz a [-iz) c 



which ep just depends on a,(3,z. 

Theorem 2.11. // z — (zo,...,z m ) S X and Zi /or eac/i z^ i/ien i/iere 
constant C' a which it just depends on z,a,ip,X such that, 

(2.29) ^P K (z,z) = So (^^o(^o) m+|Q| (^...J^) Q + 

and|-R^J <C' a K m +W-\ 
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Proof. By using lemma [2.101 and theorem 12. 9l we have, 
(2.30) 

{Z> \0\<H 

[Z > OZ ° ° Zm \(3\<\a\ 

ozq az m ( %z) |(3|<|q| 

OZq OZ m 



which 



[z> W<\ a \ 



Now by using inequality 12.281 



R K, a = i 1 -^ Rk,<x + V epD^n K (z,z) 
v \P\<\<*\ 

(2.31) { lz) \ \<\ a \ 

< x M +W -i ( _L ^ + ^ 

{ - lz) 

~ 11 u m 



which 



1 J I/3KM 



□ 



Theorem 2.12. For any 2 = (zq, z m ) € X which z% ^ /or eac/i 2j and 
a = (ao, .., a m ) which aii € {0, 1, ..} we /lave, 

(2.32) Jim ^^1^ z) = Z )(t^ f V m i^-^Tdy- 
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Proof. 
(2.33) 



l inl tt — n rrT T: — Sn(z,z)= hm — — , , , ■ - - — Yl K (z,z) 

K=0 

dp dp Kto , \ i 1 Rk,<x 1, 

= (^ L --^) a S o(z,z)(to) m+lal+1 ! y m+ ^dy + 

OZ dZ m Jo 

= So (z,z)(t r +1 (i J^...J^r [ y m+]al dy 
oz dz m J 

= s (z, z)(t ) m+1 £ y m (yt^...^-Tdy. 

□ 

For the next step we consider behavior of scaling Szego kernel when N goes to 
infinity, for this purpose we pick a point on the X which we call it z = (zo,..,z m ) 
and we move in the direction of u = (u ,..,u m ) 6 C m+1 , for the simplicity we 
define, 

S N (z + %,z) 
- 1 j^S+I h 

we want to use Arzela Ascoli theorem to show that Gjv(w) uniformly converges on 
any compact set in C m+1 . I should mention that we fix point z E X. 

Lemma 2.13. Gn(u) is uniformly bounded on B(0, 1) C C m+1 . 

Proof. 

\J\<N 

P-34) < s i TrI:( | 1 + ^..| 1 + ^ )o ^ 

IJKiV 



AT=0 

AT „ AT 



<e zr=»\^\^_ y j- z j 

|J|<AT 



AT 

At the end we have, 

(2-35) \G N{u) \< e ^?=o\^\-±- iSN {z,z). 
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Bye using theorem 12.121 we see that N m+i Sn(z, z) converges, so there is a posi- 
tive constant M such that | N ^+i Sn(z, z)\ < M so 

\G N (u)\< Me^= ol H l 

a 

Lemma 2.14. -^-Gn(u) is uniformly bounded on B(0, 1) C C m+1 for i — 0, ..m. 

Proof, we prove this lemma for i = 0, same proof works for i = 1, ..to. 

(2.36) 

d / \ i ^ ® r, , U M I 1 ® r, / U m 



= ljy^+3 E ^o(,o + ^)-- 1 ...(, m + ^)-^| 

,7|<Af 

^Edi + ^l*- 1 -!!^!'-)^?-'.. 

J|<JV 



TV 11 

|J|<JV 

By using [2~19l we see that j^kr^ S n (z , z) converges for any z e X which each 
Zi ^ so there is a positive constant Mq such that | N ™+2 -^Sn(z, z)\ < M so 

\-^-G N (u)\ < Afoe^ '^ 1 . 
cnto 

□ 

Now by using lemma [2. 141 we see that Gn is an equicontinues sequence of holo- 
morphic functions on B(0, 1) C C m+1 which is also uniformly bounded on B(0, 1), 
so by using Arzel Ascoli theorem, there is a subsequence like {Gnj} which converges 
uniformly on B(0, 1), in the next theorem we compute limit of this subsequence and 
after that we prove that whole sequence converges to the same limit. 

Theorem 2.15. Iim^oo j^rrSWO + f ,*) = *o(«, z)t™ +1 F m (t (d' p(z) ■ u)). 

Proof. As we already proved there is a convergent subsequence oi Gn like Gat,-, 
which converges uniformly on i?(0, 1) C C m+1 , now by writing Taylor series for any 
{Gnj } around origin we will have, 

g -»=e|>^ o )S 

a 

on the other hand if we let, 

G(u) = Um^ooGN^u) 
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then 

— G(0) = lim — GnAO) 
du a y ' j^oc du a 3 v ' 

because each Gnj is holomorphic on C m+1 and they converge uniformly on B(0, 1) 
to G(u), so 

du a w a\ ^ j^oo du a jV ; a! 

a a 

d a „ , AuT 



= > hm —. — r— — — — SnAz,z) — T 

a 

(2-37) , r 1 m (*b»^£«o--^r«™) 



„ Jo 



= s (z,z)t r n+1 [ e vta{d ' p(z) - u) y m dy 
Jo 

= So (z,z)t" l+1 F m (t () (d'p(z)-u)) 7 

which we let F m (x) — e yx y m . As you see any convergent subsequence of { JV ^ +1 Sn(z+ 
jj,z)} converges to s (z, z)t™ +1 F m (to(d' p(z)-u)) and also we showed that { N l+i Sn(z+ 
jj,z)} is bounded so it means: 

(2.38) Jirn^ j^S N (z + = *o(*> z)t™ +1 F m (t Q (d' p(z) ■ «)). 

□ 

Theorem 2.16. If z = (z , ..,z m ) G X, u = (u , ..,u m ),v = (v , ...,v m ) G C m+1 ,z t ^ 
then: 

(2.39) ^-±^s N (z + ^,z + ^) =s (z,z)t n+1 F m (t (d>p(z)-u + d"p(z)-v)) 



2.3. Derivatives of partial szego kernel. Our main tool for computing scaling 
limit correlation function is the Kac-Rice formula which for that we need to know 
derivatives of partial szego kernel, in this section we put our aim to compute scaling 
limit of derivative of partial szego kernel, 

Theorem 2.17. 

^ZoN^dz~ l SN{z+ N' Z+ N ) = Mz,z)to +2 ^Frn + i(to(d'p(zyu+d"p(zyv)), 

\ d u u d 

1 } [ ^ 00 N^dF t SN{z+ ^ lZ+ ^ ) = ^^^-^.Fm+AW 'p(z)-u+d" 'p(z)-v)), 

Proof. Let G N (u, v) = 1 ^ TT S , 7v(z + f,z + %) then, 

d 1 d u v 1 

d^ GNM = N^dz~ SN{z + N> Z + ~N ~N 
[ ' Id u v 

= W^dz~ SN{z+ N' Z+ N ) - 
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(2.41) 

lim — — [-77 — — dn\z — , z — ) = lim - — Gn(u,v) 

n->oc N m + 2 dz, N N' N^oodm y ' 



d 

= —— lim G N (u,v) 

= -^(so(z, z)t™ +1 F m (t a (d'p(z) ■ u + d"p(z) ■ «))) 
= (s (z, z )f n + 1 -^-F m (t a (d , p(z) ■ u + d"p{z) ■ «))) 
= ,s (z, z)tZ +2 ^FMd'p(z) ■ u + d"p(z) ■ v j) 
= s (z, z)t™ +2 ^F m+1 (t (d'p(z) ■ u + d"p(*) • v)). 

UZi 

and similarly by following the same proof we can show that 
(2.42) 

^N^-k SN{Z+ ^ Z+ ^ ] = s o^^r 2 ^F m+1 (t (d'p(z).u+d''p(z).v)). 

□ 

Theorem 2.18. 

Proof. 
(2.43) 

Id 2 u v Id 2 

lim — — — ■— — - — Sn(z + — , z + —) = lim — — — — — - — Gn(u,v) 
n^oo N m + 3 dzrdzj v N N' n ^co N m+1 dv t duj v ; 

d 2 1 



dviduj n^oo iV m + 1 



= a5^ (S0(z ' z K +1 F m (to(d'p(z) ■ u + d"p(z) ■ v) j) 
= s (z, z )t™+ 3 ^-F m (t a (d'p(z) ■ u + d" P {z) ■ v)) 
= s (z, z)t^ +3 ^-^-F^(t (d'p(z) ■ u + d"p{z) ■ «)) 
= s (z, z )t™+ 3 ?f-^F m+2 (t (d'p(z) ■ u + d"p{z) ■ v)). 

UZi OZj 

□ 

3. Scaling limit Distributions 

We now have all the ingredients that we need to compute the Scaling limit 
distribution functions, we expect the scaling limits to exist and depend only on the 
m, z, p , we are going to use Kac-Rice formula for computing distribution function, 
if we look at ensemble (Pn, In) and if we fix z + jfr then we can have this random 
variable, 



ZEROS OF RANDOM REINHARDT POLYNOMIALS IN C m + 1 19 



X N :(P N , lN )^CxC m+ \ 

which: 



X N (f N ) = (f N (z + -), — (z + -), ^-(z + -)). 



and covariance matrix for Xn is equal to 

'A N 

. B* N Cn 



(3.1) Ajv = I n * ^, N ), where: 



A N = S N (z + jj,z+ jj), 
(3.2) B N = ( — S N (z + —,z + —)) Q < l < m , 

_ d 2 S N , u u 
CN - [ dzWr + N' Z+ N ))Q ^ m ' 



(3.3) An — Cn — (Bn)* A^Bn, 
and by using Kac-Rice formula 

(3.4) DZ x (z + ^)- 1J:ZoiANk 



N 7T det(A N ) 
Our goal is to compute, 

(3.5) lim » X [ T2 + N ' = Km 1 U = Nm+3 



we define 



AT->oo TV 2 N->oo 7T det(A N ) ' 



a = to(d'p(z) ■ u + d" ' p(z) ■ u), 



(3.6) P = A °£.) 

so by using definition of a, P we can simplify each formula that we got for the 
scaling limit of szego kernel and its derivatives, now if we use theorems 12. 161 12.171 
12. 181 then we will have: 

(3.7) lim o ^ I = s (z,z)tr 1 F m (a), 



,■ B N , . m+2 .dp{z) dp(z) 

(3.8) JV^oc N rn+Z dz oz m 

= So (z,z)t™ +2 F m+1 (a)P, 
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lim -T7 



F m +2(ot))o<i,j<1 



(3.9) 



s a {z,z)t™ +i F m+2 {a) 



fdp(z)\ 
dz 



\ dz m ) 



( Me) 



= s (z,z)t™ +3 F m+2 (a)P*P, 
Now if we plug results that we got from equations 13. 71 [5T51 13.91 in. 



(3.10) liii i 

we will have, 



A 



/v 



lim (■ 



B 



, ( " N )*( TV )) 

N^oo N m+3 N^oo N m+3 v 7V m+2 v 7V m+1 l A'™+ 2 '" 



Aw ^-i,- Bn 



(3.11) lim 



JV^oo N m + 3 
So by using |3~TT1 we get this formula 

(Ajv)i 



(3.12) 
So 



lim 

AT-i-oo N m + 3 



s Q (z,z)t™ +3 (F m+2 (a) 



F m (a) 



F m {a) 



(Ajv)i,i 
(3.13) 1=0 



lim V 



so(z^)C +,5 (F m+ 2(a) 
So ( Z ,z)C +3 (P m+2 («) 



j%+i(gO 
F m {a) 

Fl+M) 
F m {a) 



i=0 



)ll^ll 



Theorem 3.1. Let x be the expected zero density for the probability space 
(Pn,7n) then 



where 



1 ~,n - u 



N 



D » (u) = Nffl! (logFro) " (a) 



where a,P were defined atW. 
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Proof. 
(3.14) 



DTx{u) = I Um + *J = lim l ^ojgmg 

z ' Xy > 77 jV-xx> N 2 N^ooir det(A N ) 



So (z,z)C +3 (F m+2 (a)-%ff) 
So (z,z)t™ +1 F m (a) 

1,2 fm+2(tt)Fm(a) ~jm+l(g) ||p| 

i(t ||P||) 2 (logF m )"( a ). 



4. The scaling limit zero correlation function 
let z e X and u, v e C m+1 now wc define the new random variable 

Such that if /jv is a random polynomial in Pn then 

v if \ 1 1 i , u \ t i , v \ d -f N i , u \ dfn , u df N v 

x N (f N ) = (Mz + -), Mz+-), -^(z+j;), B£i*+jf)> e^(*+Tf 

At first we are going to compute covariance matrix for Xn 



(4.1) A N = 

where, 



(4.4) 



An Bn 
B N Cn 



(ao\ 4„ - (S N {z + f,z + f ) S N (z+ f ,z+ %)\ 

( ' {s N (z + %,z+§) S N {z+%,z+%)) 



(4.3) B N 
such that, 



B N B 2 N 
B% B% 



1 _ ^on^ -^N^^N^ 

&N — \ )0<i<m, 

ClZi 

dS N (z+§,z + %) 

Bn = ( )c 

3 f dS N (z+ f ,z+ p 

Bn ( d¥ t )c 

dS N (z+% ,z+ h 

B N = ( 77Z )c 



)Q<i<m, 



I0<i<m, 



)0<i<m, 



r l,l r l,2 

(4-5) C N =[% % h 

K N N 
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where 



(4.6) 



H d 2 S N u u 

i >2 . d 2 S N u v 

n 2,i , d 2 S N , v u 

° N - { d^dI- {Z+ N' Z+ n ))0 ^ m > 

n 2.2 , d 2 S N V V 

°» = { d^- {z+ N> Z+ n ))o ^ m - 



we let v = and a = t (d'p(z) ■ u + d"p(z) ■ u) and (3 = t a (d'p(z) ■ u) then 



^4oo 


= lim — — -tAn 

N^oo N m+1 


= s Q (z 


,zK +1 


(4.7) i?oo 


= lim — — -ttB n 

N^co N m + 2 


= s (z 


,z)C +2 


Coo 


= lim - - - : , C n ■ 


= s {z, 


z)C +3 



F m+1 (a)P F m (f3)P 
F m+1 (p)P F m+1 (0)Pj> 

v m+2 (a)P*P F m+2 {P)P*P 
F m+2 (p)P*P F rn+2 (0)P*P 

Now wee define two matrices G m (x), Q m (x) which make our computation easier, 

<«» o ^=( F tw } 

and for the Q m (x) we assume i/O, 

(4.9) Qm{x) = G m+2 {x) - G m +i(x)G m (x)~ 1 G m +i(x). 

Because if x = then G m (x) is not invertible, so Q m (x) is a two by two matrix and 
also we choose u e C m+1 such that (3 — d'p(z) ■ u ^ then it means that G m (/3) _1 
is a well-defined matrix so we have 

(4.10) 

B Zo A w B oc = 

^(G m+ i(/3)G m (/3)- 1 G m+ i(/3))i4^*^ (G m+ i(/3)G m (/3)- 1 G m+ i(^))i ;2 P*P> 

v (G m+ i(/3)G m (/3)- 1 G m+ i(/3)) 24 P*P (G m+ i(/3)G„ l (/3)- 1 G m+ i(/3)) 2 , 2 P*P / 



s Q (z,z)t% 



.m+3 



(A 111 A — c I ~ ~\+m+3 (Ql,lP*P Ql,2P*P 

Aoo-So^.^o ^g 21 P*P Q 2>2 P*P 

Our goal is to compute scaling limit normalized correlation function, 

K^ x (z + ^ lZ ) 

(4.12) = I™ 



iV^oo < x (z+f)^ x (z)' 
where 



2m+2 
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Theorem 4.1. let K^ x (z,w) be the normalized correlation function for the prob- 
ability space (P/v,7at) and choose u £ C m +! such that u ^ T^X then, 

± l K» x ( z +?L,z) = K™ x {u), 



lim = 

AT— >oo f iV 



where 



1 perm(Q m (f3)) t 
it 2 det(G m {p)) 

1 perm(Q m (f3)) 



(logF m )'»(logF m )"(0) det(G m (P)) ' 
which K^ x (z,w), K^ x (z,w) are defined in \4-lS\ \4-l'A ■ 

Proof. At first by using Kac-Rice formula we compute jjxK^ x (z + jSj,z) and then 
by using theorem 13. II we compute scaling limit for the normalized correlation func- 
tion, 

(4.14) 

A N o A N n A N A N n A N A N 

= (Qi,iQ2,2 + Qi, 2 Q2,i)||P|| 4 ^ 

7r 2 det(G(/3, m)) 
1 perm(Q m (/3)) 



(II^W 



^ 2 det{G m (p)) 

Now we are ready to give a general formula for ^T^° x (w), if we use equation 14.141 
then, 

(4.15) 



N 2 N 2 
perm(Q m {0))(\\P\\t o )' 1 
Tr 2 det(G m (/3)) 



(™F m (a))(™F m (0)) 

1 perm(Q m ((3)) 

~ (logF m )"(a)(logF m )"(0) det(G m (f3)) ' 

□ 
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